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Viscosity is an internal property of a ﬂuid that offers resistance
to ﬂow. Viscosity is a fundamental property of ﬂuids which is
important in many ways such as it is used in petroleum, industrial
chemistry, coating and printing, food and beverages, organic chem-
istry, power and environment etc. In rheological science viscosity is
taken as a function of either temperature or pressure. The pressure
dependence of the viscosity plays an important role in ﬂuid ﬁlm
lubrication, microﬂuidics and geophysics. In elastohydrodynamic
applications, the lubricant is forced to ﬂow through a very narrow
region which leads to very high pressures. In geophysical ﬂows the
ﬂuid viscosity changes with the depth of the ﬂuids. After the early
study discussed by Stoke’s the pressure dependent viscosity has
been considered by many researchers. Bridgman [1,2] examined
experimentally the pressure dependent viscosity for various
organic liquids. Bair and winer [3] speciﬁcally examined the lubri-
cants ﬂow and their results veriﬁed the dependence of viscosity on
the mean normal stress. There have been few rigorous mathemat-
ical studies concerning the existence and uniqueness of the ﬂuids
with pressure dependent viscosity.
Some other experiments showed that the viscosity can be a
factor of as much as 10 to the power 10%, the density changes
are signiﬁcant by comparison [3–9] such kind of pressure
dependent viscosity is useful in elastohydrodynamics. The study
of a variant of Stoke’s ﬁrst and second problem for ﬂuids with pres-
sure dependent viscosity has been highlighted by Srinivas andRajagopal [10,11]. Recently, Malik et al. [12,13] have considered
the pressure dependent viscosity for simple non-Newtonian model
and found the solutions numerical solutions.
Although number of non-Newtonian ﬂuid models with variable
viscosities [14,15] are discussed in detail Williamson ﬂuid model
[16–19] exhibiting pseudoplastic ﬂuid rheological properties has
not been investigated yet. Pseudoplastic ﬂuids are mostly used in
extrusion process, wire and ﬁber coating, polymer processing, food
stuff processing, design of various heat exchangers and chemical
processing equipment. Many researchers have attempted to study
the Couette and Poiseuille ﬂow for different non-Newtonian ﬂuid
models [20–22]. In the present paper numerical treatment of
Posieuille and Couette ﬂow is attempted. The pressure dependent
viscosity for Williamson ﬂuid model has not been discussed so
far. The governing equations of motion for Williamson ﬂuid model
with pressure dependent viscosity have been modeled. The numer-
ical solutions for the two types of ﬂow conditions such as (i)
Poiseuille ﬂow (ii) Couette ﬂow are addressed. The pertinent
parameters appearing in the problem are discussed through the
graphs and tables.Williamson ﬂuid model
Let us consider an incompressible unidirectional ﬂow of a
Williamson ﬂuid with pressure dependent viscosity in an inclined
channel of height h. We are considering Cartesian coordinates
system such that ðuðyÞ;0;0Þ is velocity vector in which u is the x-
component of velocity and y is perpendicular to x-axis. The
equations which govern the ﬂow of an incompressible ﬂuid
through a porous medium are
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q
dV
dt
¼ div Sþ qbe  asV; ð2Þ
where V is the velocity vector, q is the density, t is the time, be is the
external body force, a is porous medium parameter and S is the
Cauchy stress tensor. The constitutive equation for Williamson ﬂuid
is given by [16]
S ¼ pIþ s; ð3Þ
s ¼ ½l1 þ ðl0  l1Þð1 C _cÞ1 _c; ð4Þ
in which p is the pressure, I is the unit tensor, s is the extra stress
tensor, l1 is the inﬁnite shear rate viscosity, l0 is the zero shear
rate viscosity, C is the time constant and _c is deﬁned as
_c ¼
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Here P is the second invariant strain tensor. We consider the
constitutive Eq. (4), the case for which l1 ¼ 0; l0 ¼ l and
C _c < 1. The component of extra stress tensor therefore, can be
written as
s ¼ l½ð1 C _cÞ1 _c ¼ l½ð1þ C _cÞ _c: ð6ÞMathematical formulation
We shall assume that the velocity and the pressure ﬁeld are of
the form
V ¼ ðuðyÞ;0;0Þ p ¼ pðyÞ: ð7Þ
With the help of Eqs. (3), (6) and (7), the component form of
Eq. (2) in the presence of gravity and porous media effects take
the following form
lðpÞ 1þ2Cdu
dy
 
d2u
dy2
þdlðpÞ
dy
1þCdu
dy
 
du
dy
þqg sinhaðpÞ 1þCdu
dy
 
u¼0; ð8Þ
@p
@y
qgcosh¼0; ð9Þ
where aðpÞ is a pressure-dependent porous medium parameter.
Introducing the dimensionless variables
y ¼ y
h
; u ¼ u
Uc
; ð10Þ
where Uc is the characteristic velocity.
With the help of Eq. (10), Eqs. (8) and (9) after dropping the bars
can be written as
dp
dy
þ qgh cos h ¼ 0; ð11Þ
1þ 2CUc
h
du
dy
 
d2u
dy2
þ 1
lðpÞ
dlðpÞ
dy
1þ CUc
h
du
dy
 
du
dy
 h
2aðpÞ
lðpÞ 1þ
CUc
h
du
dy
 
uþ qgh
2 sin h
UclðpÞ ¼ 0: ð12Þ
The solution of Eq. (11) is
p ¼ p0 þ qgh cos hð1 yÞ; ð13Þ
where p0 is the pressure at y ¼ h .
With the help of Eq. (13), the solution of Eq. (12) has been com-
puted in the next section for two types of boundary conditions
known as
(i) Poiseuille ﬂow
(ii) Couette ﬂowPoiseuille ﬂow
In this case we assume that the rigid plates at y ¼ 0 and y ¼ h
are at rest. Therefore,
uð0Þ ¼ 0; uðhÞ ¼ 0: ð14Þ
To solve Eq. (12) subject to the boundary condition (13), wemust
choose the values of functions lðpÞ and aðpÞ which are taken as
(i) lðpÞ ¼ A expðapÞ; aðpÞ ¼ B expðbpÞ; A > 0; B; a; bP 0,
(ii) lðpÞ ¼ A expðapÞ; aðpÞ ¼ B pp0
 m
; A > 0; B; a;mP 0,
(iii) lðpÞ ¼ A pp0
 n
; aðpÞ ¼ B pp0
 m
; A > 0; B;m;nP 0.
(iv) lðpÞ ¼ A pp0
 n
; aðpÞ ¼ B pp0
 m
; A > 0; B;m;nP 0.
With the help of these expressions, for each case Eq. (12) takes
the following form
1þ2Wedu
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 
exp½C4ð1yÞuþC3 exp½C1ð1yÞ ¼0; ð15Þ
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h
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2
A
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2
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We ¼ CUc
h
; C1 ¼ qgh cos hp0
; C2 ¼ Bh
2
A
; C3 ¼ qgh
2 sin h
UcA
:
The corresponding boundary conditions in non dimensional
form are deﬁned as
uð0Þ ¼ 0; uð1Þ ¼ 0: ð19ÞTable 1
Velocity for C1 ¼ 1 ¼ C4; C2 ¼ 5 ¼ C3; m ¼ 2; n ¼ 3 and We ¼ 0:05 in case of
Poiseuille ﬂow.
y u
Case1 Case2 Case3 Case4
0 0 0 0 0
0.10 0.054541180 0.062006688 0.033678834 0.031600971
0.20 0.100990725 0.114706620 0.066014430 0.061738948
0.30 0.140989749 0.158778166 0.096415696 0.090022209
0.40 0.174476943 0.193948547 0.123896565 0.115687707
0.50 0.199779943 0.218778319 0.146845206 0.137364549
0.60 0.213500068 0.230336409 0.162626372 0.152663985
0.70 0.210209260 0.223731321 0.166866894 0.157443291
0.80 0.181925602 0.191435995 0.152099736 0.144420481
0.90 0.117259625 0.122298335 0.104990975 0.100387898
1.00 0 0 0 0
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Fig. 1. Velocity proﬁle for lðpÞ ¼ A expðapÞ and aðpÞ ¼ B expðbpÞ with We ¼ 0:05 in
Poiseuille ﬂow.
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Fig. 2. Velocity proﬁle for lðpÞ ¼ A expðapÞ and aðpÞ ¼ B pp0
 m
with C3 ¼ 5 and
We ¼ 0:05 in Poiseuille ﬂow.Couette ﬂow
In this case, the lower plate is at rest and the upper plate is
moving with the velocity Uh. The boundary conditions for the prob-
lem in non dimensional form are deﬁned as0 0.2 0.4 0.6 0.8 1
0
0.1
0.2
0.3
0.4
0.5
0.6
y
u
Γ1= 0, Γ2= 0, Γ4= 0, n = 1
Γ1= 0, Γ2= 5, Γ4= 0, n = 1 
Γ1= 1, Γ2= 5, Γ4= 0, n = 1 
Γ1= 1, Γ2= 5, Γ4= 1, n = 1 
Γ1= 1, Γ2= 5, Γ4= 1, n = 2
Γ1= 1, Γ2= 5, Γ4= 1, n = 5
Fig. 3. Velocity proﬁle for lðpÞ ¼ A pp0
 n
and aðpÞ ¼ B expðbpÞ with C3 ¼ 5 and
We ¼ 0:05 in Poiseuille ﬂow.
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Fig. 4. Velocity proﬁle for lðpÞ ¼ A pp0
 n
and aðpÞ ¼ B pp0
 m
with C3 ¼ 5 and
We ¼ 0:05 in Poiseuille ﬂow.
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Fig. 5. Velocity proﬁle for lðpÞ ¼ A expðapÞ and aðpÞ ¼ B expðbpÞ with
C1 ¼ C3 ¼ C4 ¼ 1 and C2 ¼ 5 in Poiseuille ﬂow.
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The governing equations are same as deﬁned in previous
section (Eqs. (15)–(18)).0 0.2 0.4 0.6 0.8 1
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Fig. 6. Velocity proﬁle for lðpÞ ¼ A expðapÞ and aðpÞ ¼ B pp0
 m
with
C1 ¼ C3 ¼ C4 ¼ 1; C2 ¼ 5 and m ¼ 3 in Poiseuille ﬂow.
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Fig. 7. Velocity proﬁle for lðpÞ ¼ A pp0
 n
and aðpÞ ¼ B expðbpÞ with
C1 ¼ C3 ¼ C4 ¼ 1; C2 ¼ 5 and n ¼ 2 in Poiseuille ﬂow.
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Fig. 8. Velocity proﬁle for lðpÞ ¼ A pp0
 n
and aðpÞ ¼ B pp0
 m
with
C1 ¼ C3 ¼ 1; C2 ¼ 5; m ¼ 2 and n ¼ 3 in Poiseuille ﬂow.Solution of the problem
The solution for both the cases has been calculated by the
shooting method with Runge Kutta Fehlberg and the results have
been discussed through tables and graphs as follows.
Numerical results and discussion
The governing equations of Williamson ﬂuid with pressure-
dependent viscosities have been solved numerically for PoiseuilleTable 2
For C1 ¼ 1 ¼ C4 ; C2 ¼ 5 ¼ C3; m ¼ 2; n ¼ 3, We ¼ 0:05 and U0 ¼ 0:9 in case of
Couette ﬂow.
y u
Case1 Case2 Case3 Case4
0 0 0 0 0
0.10 0.071849704 0.082903740 0.055371996 0.051104847
0.20 0.139777528 0.160491132 0.113526143 0.104640455
0.30 0.208173483 0.235775069 0.175408706 0.161859564
0.40 0.280328873 0.311519199 0.242218835 0.224354648
0.50 0.358794105 0.390277106 0.315529025 0.294199928
0.60 0.445574843 0.474397252 0.397477274 0.374166211
0.70 0.542221669 0.565980417 0.491082861 0.468050633
0.80 0.649845865 0.666773958 0.600787224 0.581196473
0.90 0.769080825 0.777985615 0.733419290 0.721336059
1.00 0.900000000 0.90000000 0.900000000 0.900000000
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Fig. 9. Velocity proﬁle for lðpÞ ¼ A expðapÞ and aðpÞ ¼ B expðbpÞ with We ¼ 0:05
and U0 ¼ 0:9 in Couette ﬂow.
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Fig. 10. Velocity proﬁle for lðpÞ ¼ A expðapÞ and aðpÞ ¼ B pp0
 m
with
C3 ¼ 5; We ¼ 0:05 and U0 ¼ 0:9 in Couette ﬂow.
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values of the velocity proﬁle of Poiseuille ﬂow for four different
cases of viscosity and porosity. It is found that for each case the
velocity is maximum at the center due to pressure gradient. This
phenomenon occurs because we are considering the Poiseuille ﬂow0 0.2 0.4 0.6 0.8 1
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Fig. 11. Velocity proﬁle for lðpÞ ¼ A pp0
 n
and aðpÞ ¼ B expðbpÞ with
C3 ¼ 5; We ¼ 0:05 and U0 ¼ 0:9 in Couette ﬂow.
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Fig. 12. Velocity proﬁle for lðpÞ ¼ A pp0
 n
and aðpÞ ¼ B pp0
 m
with We ¼ 0:05 and
U0 ¼ 0:9 in Couette ﬂow.
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Fig. 13. Velocity Proﬁle for lðpÞ ¼ A expðapÞ and aðpÞ ¼ B expðbpÞ with
C1 ¼ 1 ¼ C3 ¼ C4; C2 ¼ 5 and U0 ¼ 0:9 in Couette ﬂow.in which the channel walls are at rest like a canal ﬂow and ﬂow
occurs due to the constant motion of pressure gradient. Thus max-
imum velocity should be at the center of the channel. The velocity
ﬁeld for different values of C0s and for various values of power m
and n is displayed in Figs. 1–4. It predicts that with the increase0 0.2 0.4 0.6 0.8 1
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Fig. 14. Velocity proﬁle for lðpÞ ¼ A expðapÞ and aðpÞ ¼ B pp0
 m
with
C1 ¼ 1 ¼ C3 ¼ C4; C2 ¼ 5; U0 ¼ 0:9 and m ¼ 3 in Couette ﬂow.
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Fig. 15. Velocity proﬁle for lðpÞ ¼ A pp0
 n
and aðpÞ ¼ B expðbpÞ with
C1 ¼ 1 ¼ C3 ¼ C4; C2 ¼ 5; U0 ¼ 0:9 and n ¼ 2 in Couette ﬂow.
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Fig. 16. Velocity proﬁle for lðpÞ ¼ A pp0
 n
and aðpÞ ¼ B pp0
 m
with
C1 ¼ C3 ¼ 1; C2 ¼ 5; U0 ¼ 1; m ¼ 2 and n ¼ 3 in Couette ﬂow.
I. Zehra et al. / Results in Physics 5 (2015) 20–25 25in C0s and the power m and n, the velocity ﬁeld decreases for each
case of viscosity and porosity. It is observed that velocity achieves
maximum values in the absence of C0s. Thus we can say that the
variable viscosity lðpÞ and porosity aðpÞ cause the decline in the
velocity ﬁeld and this result is also indisputable with the fact that
by the increase of pressure, viscosity lðpÞ and porosity aðpÞ
increase which causes the velocity point wise decreases. Figs. 5–
8 show the velocity ﬁeld for different values of Weissenberg
number We. The Weissenberg number designates the orientation
generated by the deformation, We equals zero corresponding to a
purely Newtonian ﬂuid. It depicts that with an increase in We,
velocity ﬁeld increases for all the cases of viscosities lðpÞ and
porosity aðpÞ .
Table 2 describes the numerical values of the velocity proﬁle
for four different cases of pressure dependent viscosity and
porosity of Couette ﬂow. The maximum velocity occurs at the
center of channel. The velocity proﬁle for different values of
C0s and the power m and n for Couette ﬂow are shown through
the Figs. 9–12. It is analyzed that velocity ﬁeld decreases with
an increase in the values of C0s and the power m and n for
all the four cases of viscosity and porosity. Similar role is exam-
ined for the Poiseuille ﬂow. Variation of Weissenberg number
We for velocity proﬁle of Couette ﬂow is shown through
Figs. 13–16. Fluid velocity rises with the gain in the values of
Weissenberg number and this behavior is quite similar as for
the Poiseuille ﬂow.Conclusion
The main objective of this paper is to present the numerical
solutions for the Williamson ﬂuid with pressure dependent viscos-
ity. A non-linear model for the ﬂow of a Williamson ﬂuid through
an inclined porous medium due to effect of gravity has been
developed.
The main conclusions are summarized as follows:
Here the velocity proﬁles decrease by the increase of pressure
for both the Poiseuille and Couette ﬂow.
The velocity gives maximum magnitude at the center of the
channel for Poiseuille ﬂow.
The rising values of C0s contribute in decaying the ﬂuid velocity.
The ﬂuid property parameter i.e., Weissenberg number boosts
ﬂuid ﬂow.The rational expressions for viscosity and porosity contribute in
reducing the ﬂuid velocity. This trend continues even when
corresponding powers of rational functions are raised.
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